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ABSTRACT: Chiral perturbation theory at finite four-volume V(= L3T) is reconsidered
with a view towards finding a computational scheme that can deal with any value of M, L,
where M, is a generic Nambu-Goldstone mass. The momentum zero modes that cause the
usual p-expansion to fail in the chiral limit are treated separately, and partly integrated out
to all orders. In this way the theory remains infrared finite in the perturbative expansion,
and the chiral limit can be considered at finite volume. We illustrate the technique by
computing the quark condensate in a finite volume, smoothly connecting standard results
in the p-regime for larger masses with those of the e-regime for smaller masses. From
the partially quenched theory we also obtain the spectral density of the Dirac operator, a
smooth function from the microscopic region to the bulk region of the p-regime.
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1. Introduction

A number of studies have been devoted to the finite volume effects in low-energy QCD, or
chiral perturbation theory (ChPT) [[]-[f]. The resulting finite-size scaling theory in ChPT
has broad theoretical interest as it describes the critical behavior of dynamical symmetry
breaking, and as such has corresponding applications in statistical physics as well. In lattice
gauge theory it is certainly of great practical value to have analytical predictions for finite
volumes available, as they can help in eliminating uncertainties due to the finite sizes used
in numerical simulations [fj.

To investigate the finite-size behavior of ChPT, essentially two perturbative approaches
have been proposed so far [l]. One is the p-expansion, which has just the same form as
the perturbative series in an infinite volume, only replacing momentum integrals by the
discrete sums over momentum due to the quantization in units of 1/L (where L is the linear



extent). If we denote by M, the mass of a generic (pseudo) Nambu-Goldstone boson, this p-
expansion is valid when M L > 1. It is well known what happens when one takes the chiral
limit in a volume such that M, L crosses unity and gets even smaller [fl, B]: The propagators
of the pseudo Nambu-Goldstone bosons blow up for one single momentum mode, the one
of zero four-momentum. This invalidates the usual perturbative expansion, and a different
technique is required. A solution to this problem was given in [] in terms of a so-called
e-expansion. In this scheme the zero-momentum mode is, in a sense that becomes more
clear below, integrated out exactly, while all the remaining momentum modes are treated
perturbatively. Since the chiral Lagrangian involves an infinite series of terms, and since
it is only the perturbative expansion that is jeopardized, “exact” integration here refers to
the term that is leading order in the quark masses m.

The e-expansion is thus perfectly suited for studying the extreme case where the quark
mass m is so small that the pion Compton wave length overcomes the size of the volume,
ML <« 1. Since the zero-mode becomes dominant in this e-regime, physical observables
are mostly dependent on the leading low-energy constants: the infinite-volume chiral con-
densate > and the pion decay constant F', both in the chiral limit. The next-to-leading
order terms (with coefficients L;’s) at infinite volume are treated in perturbative fashion.
This is similar to the p-regime expansion, but the ordering of terms is different. Also in
this respect, the e-regime provides an intriguing alternative to more conventional ChPT
since different parts of the chiral theory are being probed to any given order. We note that
the studies have now also been extended to Wilson ChPT where one has more terms which
explicitly break the symmetry [7.

As the e-regime deals with the extremely chiral limit where non-trivial finite-size scaling
starts to appear (but still far from the symmetric phase since one keeps L > 1/Aqcp),
universality is at work. Perhaps the most important example of this is the equivalence of the
zero-mode or vacuum part of the theory to chiral Random Matrix Theory (ChRMT) (R, [
Little is known in detail on how these universal phenomena cease and the ones depending
on the dynamics specific to QCD appear when the quark mass increases and M, becomes
of order 1/L [[L4]. In particular, it is not known precisely how the spectral density of the
Dirac operator, described by ChRMT in the low end matches on to the spectrum at larger
scales, in the p-regime [[LI]-[LL3].

Recent developments in both computational facilities and algorithms have allowed
simulations of full lattice QCD near the chiral limit, but no study has until now reached
deep inside the e-regime except at rather strong coupling. Although results have often
compared favorably to the e-expansion of ChPT, there may still be large systematic errors
due to the condition M;L < 1 not being well fulfilled (see, e.g., ref. [[4]). One might
therefore ask whether it is possible to have a new approach which smoothly connects the p-
expansion and e-expansion and which remains valid even in the region M, L ~ 1. Recently,
steps have been taken in that direction by means of a so-called mixed expansion [[F, [Lq]
(see also ref. [I7]), where one treats the very light flavors with the counting rules of the
e-expansion, while heavier flavors are counted according to the p-expansion. The results
turned out to be mixtures of the properties of the € and p regimes: zero-mode fluctuations
from the light sector in addition to 1-loop corrections from the heavier sector that include



chiral logs and some of the L;’s. But refs. [[[§, [[f] treated the light and heavy flavors
separately and did not attack directly the regime where M, L ~ 1. Actually, two regimes at
play here: one is the first obvious threshold when M, ~ 1/L, the other is when M, ~ 1/L?,
the scale of the e-regime. The question is what happens in-between.

In this paper, we suggest a new perturbative approach where all the terms in the p-
expansion are kept but the zero mode is treated in exactly same way as in the e-expansion.!
The expansion thus considers the zero momentum mode on a different footing from the
rest, partially resumming terms to all orders. Before reaching the e-regime this means that
an infinite series of terms that are normally considered in the perturbative expansion are
included to all orders. The result is a slightly re-ordered perturbation theory expansion
that is free from perturbative infrared singularities in the chiral limit. As an example, we
compute here a formula for the chiral condensate which smoothly connects the results of
the p-regime [[[§ and the e-regime. We will argue that our formula is reliable even in the
intermediate region where we go from M, ~ 1/L to M, ~ 1/L?.

Using the partial quenching technique based on replicas, we can treat a general theory
with valence flavors and physical sea quark flavors of masses which are non-degenerate.
This allows us to take the discontinuity on the imaginary axis of the valence quarks, and
thus obtain the corresponding spectral density of the Dirac operator. It is also given by a
smooth formula that connects known results in the e-regime [[] and p-regime [[L, [[J].

The rest of our paper is organized as follows. In section P}, we describe in detail our
new perturbative method in ChPT. The chiral condensate to next-leading order is calcu-
lated in section P Taking the discontinuity on the imaginary axis, we obtain the spectral
density of the Dirac operator in section []. We show in section [] that our results provide a
smooth connection between the ¢ and p regimes. In section | we present some numerical
examples which are useful when comparing with lattice QCD simulations. Conclusions and
an outlook are given in section ff.

2. A chiral expansion at finite volume

Let us consider N-flavor chiral perturbation theory in a finite volume (V = L3T),

2 . .
L= FITr[BMU(x)TGMU(q:)] - %Tr[MTe—W/NfU(x) + U@ e N M+, (2.1)

where U(z) € SU(Ny) and 6 denotes the vacuum angle. Here, 3 is the chiral condensate
and F' denotes the pion decay constant both in the chiral limit. There are of course next-
to-leading order terms, indicated here by ellipses, with additional low-energy constants
denoted by L;’s, H;’s and beyond.

In the partially quenched case, we use the replica method where the calculations are
done within an (N + N, + (N — N,))-flavor theory followed by the replica limit N —
0 [[9, RJ]. The ordinary physical N r-theory result can clearly be viewed either as one

!We understand that F. Niedermayer (unpublished) has considered an analogous scheme in the context
of the O(n) sigma model.



where N = N, = 0, or, alternatively, one where m, = m; with m; denoting one of the
physical quark masses.

From now on we consider sectors of fixed topology v, obtained by Fourier transforming
in 6 in the usual way. This extends our integration from SU(N + Ny) to U(N + Ny¢) in the
zero-momentum sector.

For the mass matrix, we consider a general diagonal case,

M = diag(m,, my,...,mi,ma,...), (2.2)

N Ny

where we have N = N,+ (N — N, ) replicated flavors and N physical flavors. Here IV, is the
number of, in this case, degenerate valence quarks. What we do below can straightforwardly
be generalized to non-degenerate valence quarks by just adding copies of each.

We start by factorizing the fields into the zero-momentum mode U and non-zero
modes £(z),

U(z) = Uexp(iv2e(z)/F), (2.3)

and expand perturbatively in £(z) just as in the e-regime [[ll. But here we give the same
counting rules for the fields and other parameters as in the p-regime:

O~ O(p), &(x)~O(p), M~Op), T,L~O(1/p), (2.4)

in units of the cut-off 47w F. The aim is to see if we can tune quark masses so that we go
from mass scales M ~ O(1/L?) through M ~ O(1/L%) to zero. Here we of course assume
that the linear sizes of the volume, L and T, are much larger than the inverse QCD scale
Aqcp so that the effective theory is valid.

The above parametrization eq. (R.J) leads to a well-known Jacobian in the functional
integral measure [[{]. Although it is easily taken into account, its contribution is O(p®) and
beyond the accuracy with which we do actual calculations in this paper.

We now expand the Lagrangian in £(z) according to the p-counting eq. (B.4)), and write
down the terms relevant to one-loop order for the chiral condensate,

) 1 1
_ X t t 1 2 L 21¢2]
L= Qﬁ[M U+UM}+2T1"(8H§) +2§ijMﬂ[§ Jii

o MU — D+ €U~ M)

2% 2
—Lg (FQTr[MTU + UW])



where ij = (m; + m)X/F and L;’s are the usual higher-order low-energy constants of
ChPT. Here we have added and subtracted a conventional mass term of the p-regime.
We will treat the mass term of the first line in eq. (B.§) as part of the exact Gaussian
integration that leads to the conventional massive propagator of the p-regime, while the
remaining terms are treated in a perturbative expansion. We return to this point below.
The contact term Hs has no direct physical significance, but it is needed as a counterterm
for the one-loop correction to the condensate [f]]. All linear terms in £ are absent due to

/d4$ &(x) =0. (2.6)

In eq. (E) the first line contains terms that in the usual p-expansion are of order p?
(the first, a trivial constant in the usual infinite-volume p-expansion) and p* (the remaining
two). In the e-expansion the first two terms on the same line are of order ¢*, while the
third is of order €5. In the last four lines we have written out explicitly those terms that
are of order p* in the usual infinite-volume p-expansion (but trivial constants there). In the
e-counting these terms are of order 2. Other terms involving the L;’s will be of order p® in
that same counting. However, as with the measure term, these terms will not contribute
to the chiral condensate that we will compute below.

The one single term we have not yet discussed is that of

AL = %Trw*( DUt — M. 2.7)
In the usual p-expansion a term of this type first occurs at order p® (because there will
be three powers of &), and in the e-expansion it is of order €. Here we treat any matrix
elements of MT(U —1) (and its complex conjugate (UT —1)M) as of O(p?) for all values of
M. By performing the exact group integration over U, we can check that the combination
MY (U —1) gives NLO contributions (< O(p?)) to the results. We illustrate this in section .
In appendix Bl we describe an alternative method which expresses the magnitude of the
contribution from the term in eq. (R.q) directly in terms of masses and the volume V, thus
giving a precise counting of this term in terms of p ~ 1/L. This alternative method gives
identical results, but is in practice more cumbersome than the scheme presented here.

By taking MT(U — 1) ~ O(p?), one can thus, to this order, rewrite the Lagrangian

C— —%TY (MU +UTM] + L Te(0,6)? Z

+3Trw*( —DE+ U - 1M

2F?
2
2L84;H2 (22> MU + UMY, (2.8)

» 2
~Lg <F2 Tr[MTU + UW]) - 72

where the second line is treated as an NLO interaction term and the contribution from the
L7-term has been dropped.

It should be stressed at this point that adding and subtracting an ordinary p-regime
mass term and then expanding the term (R.7) perturbatively has the effect of a complete



re-ordering and partial resummation of the perturbative series. This resummation comes
from the fact that when the chiral limit is taken and M2 is no longer of order p?, but
smaller, we still keep the full massive propagator. The error in doing this, rather than
expanding the propagator to the needed order in M2, is however always of yet higher order
and part of the unavoidable uncertainty in any fixed-order perturbative calculation. We
always keep the full massive propagator in the expressions and plots we present below.

The Feynman rule for the &-propagator is thus obtained as usual, except that the
zero-momentum modes are not included:

(& (@) W))e = 6udjrA(z — y, M) — 050G (x — y, M, M), (2.9)

and the second term comes from the constraint Tré = 0. The propagators A and G are

given by,?
~ 1 e
2y _ E
p#0
A 2 2 1 Z e'hr

|4 N
0 4 M+ 03) () k)
where the summation is taken over the non-zero 4-momentum
p=2m(ng/T,ny/L,ny/L,n,/L), (2.12)

with integer n,.

3. The chiral condensate

The chiral condensate of a valence flavor is obtained in the conventional manner by adding
a source to the mass matrix; M — M + J and differentiating the partition function
Z(M + J) with respect to J. To leading order in our expansion this gives

@050 = 57 = % (U +UL)

(3.1)

1nZ(M+j)' .

J=0

where the zero-mode integral <Uw + UJU>U is computed non-perturbatively with respect

to the zero-mode partition function
by
2v, = / dU (det U)” exp [Tr (MTU+ UTM)} . (3.2)
U(N+Ny) 2

The analytical formula is known for the most general partially quenched case with non-
degenerate physical N-flavors [B1]. Some details are summarized in appendix [A]. Here we
simply define

- 1
EII;)Q(N’IM {lu’Sea}) = 5 <U’U’U + UJ'U>U b (33)

*We do not consider the fully quenched theory in this paper. We thus have N; # 0 in all that follows.



where p,, = m, 3V and the set of the dynamical flavors are denoted by {psea} = {pt1, 12, ..}
with p; = m;2V.

At next-to-leading order, it is convenient to first calculate the 1-loop perturbative
correction due to the non-zero modes. This can be done by simply evaluating

(1- [dtosm i+ DO - D€+ E@T - DML . Ga)
3

where (---)¢ denotes the integral over &, and then re-exponentiating it. The effective
Lagrangian (with a scalar source [J) then reads

(23

L) = =5 Yz [(M+ DU+ U M+ )]

*%WW Tr[(M + 7)€ = (€)e)], (3.5)

F2

where

1 - _
Zi=1- 4 > A0, M) — G(0, M7, M) — 16Le Z 4(2Lg + Hy) M2 | . (3.6)
J
Both of the 1-loop integrations A(0, M?) and G (0, M2, M?) are UV divergent and their
divergences are absorbed into the bare parameters Lg, Lg and Hy. With an appropriate
regularization such as dimensional regularization (see ref. [] for a discussion of this issue)
A(0, M?) is given by
2
1672

where c; represents the conventional logarithmic divergence which is independent of M

A0, M?) =

(In M2+ ¢1) + g1 (M?), (3.7)

and the volume [[l]. The function g; represents the finite size effects,

1 1
2 2
2.5 exp( rM ™ Eﬂ (ay) > TR (3.8)

and the sum is taken over a 4-dimensional vector a, = n,L, (L, being the lattice size in

g1 (M?) =

the p-th direction) with integer n,. It is particularly important to note that the massless

limit M? — 0 of g is finite and given by g1(0) = —3;/vV where 3; is the so-called

shape coefficient [[f]. This term dominates the NLO correction in the e-regime. A detailed

numerical treatment of A(0, M?) and its derivative is discussed in appendix [d.
Expanding G(0, M?, M?) in M? (see appendix D)), we get

- 2
G(0, M?, M? AOMQ—— A0, M2) 3.9
(0,00 8%) = YA , (3.9)
where the sum Zj is taken over physical flavors only. Since the O(M?) terms indicated
by ellipses are UV finite, the divergence in Z;, eq. (B.6), is in total,

1 Mi+M5; 2,01 5
Zi~ ~ 1o EJ: 5 _MMZ.#N?%:MJ.]. 1, (3.10)




which can be absorbed into redefinitions of Lg, Lg and Ha,

1 (11 1 (N 2
Lo= Ly, Lg= o2 L
6~ (1672 < N2> atle 58 (6n)2 < 2 Nf> ot s

2 Nf 2
H; = — Hj 3.11

where the renormalized constants are denoted by Lg, Lg and Hj. This renormalization is
identical to that of the infinite volume case [l], as it should be.
To this order, the chiral condensate at fixed topology can thus be written

/
_ JTS
Qo) = 222 (0 {lea)) (3.12)
v

where u), = Z,m, XV and {ul.,} = {Z1m1XV, ZamaXV,...}. Note that the arguments of
the function now include the chiral logarithms as explicitly seen in Z; (see eq. (B.6)).

The expression in eq. (B.12) looks simple and compact. But in order to see the valence
mass dependence, it is more convenient to decompose Z, into two finite pieces,

Z, = Z° + 5Zv(mv) (3.13)
Z0 = ZA (0, M7;/2) — G(0,0,0) — 16LGZ N], (3.14)
6Zu(my) = —% ST(A0, M2) — A0, M2 /2))
j

—(G(0, M2, M?,)) — G(0,0,0)) — 4(2Lg +H2)va], (3.15)

where only dZ,(m,) has a valence mass dependence, and it vanishes in the limit m, — 0.
Note that G(0,0,0) is infra-red finite (see appendix D).
With the above decomposition, the condensate can be expressed as

(@a)y = = [zﬂ SPQ( 200, {4len})

+0Z,(my) <25Q(Nv7 {Msea}) + aiv iSQ(Mva {Nsea})) + - :|
= 2|20 SEU 2. {tea}) + 020 ()| + O, (3.16)

where 1, = m,XV. In the second line we have used the fact that §7,(m,) ~ O(M2,) does
not contribute until 5% (1, {1, }) becomes close to 1+ O(p?). The explicit form will be
given in section 6.

It is now clear that the chiral condensate near the chiral limit is dominated by zero
modes, and hence expressed through combinations of Bessel functions as in the e-regime.
The argument Z9m,XV, however, includes the chiral logarithm of the sea quarks in Z0.
As the valence mass increases, XA]EQ(MU, {lsea}) approaches unity and the ordinary valence



quark chiral logarithm appears in 6Z,(m,). For yet larger values of m,,> the term pro-
portional to 2Lg + Hj becomes important. The unphysical quantity Hj; depends on the
regularization scheme, and the condensate is then not unambiguously defined, as is well
known [P2]. In such a region, one has to eliminate the H} dependence to obtain unam-
biguous physical observables. An example would be to consider a difference between two
topological sectors. As we will see in the next section, the spectral density is also free from
this ambiguity.

4. The spectral density of the Dirac operator

In the previous discussion, we assumed that all quark masses were real and positive. As
is well-known [g], by considering the expressions for imaginary valence quark masses, one
can calculate all spectral correlation functions and individual eigenvalues distributions of
the Dirac operator of the Ny-flavor theory. In this case partial quenching is simply used to
extract a physical observable in the full theory. One expresses the valence quark condensate
as a spectral sum over the Dirac eigenvalues i\g’s (\g is real),

{@oqv)lm, = ézk: <miw> : (4.1)

Since every non-zero eigenvalue comes paired with one of opposite sign, the condensate
satisfies

<@1Qv>|m; = (<QUQU>|mv)*7 <QUQU>’—mU = _<QUQU>‘mv7 (42)

where * denotes complex conjugation.
Using the above, the spectral density at fixed topology v is given by

) = 5 G0 ),
k

——1 lim L — 1
7 3% — —0 \i(A+ ) —€ i(A+ M) +e/,

.1 _

= 15% g(<Q’uq'u>u|mU:i)\fe - <qqu>lj‘mv:i/\+€)
M N

- = [ZS ReSEQUASV 20, {1 }) + Re (6Zv(i>\))] , (4.3)
T

where we have neglected the 6(\) term which represents the exactly zero eigenvalues due
to the non-trivial topological charge v. Similar expressions exist for all higher spectral
correlation functions.

For the calculation of Re (6Z,(i)\)), we need the discontinuities of various functions.
For the log-terms, for example, one obtains

1
Reln(m + v/mi)lm,=ix = 5 In(m? + A?), (4.4)
A
ImIn(m + v/m2)|m,=ixn = arctan —, (4.5)
m

3Because m, = uy/(XL*), such a term first appears at NNLO in the pure e-expansion.



where m denotes a real and positive mass, for which the limit m — 0 is well-defined. Some
of the other functions occurring in eq. () need to be treated numerically, such as those
in g;. We collect some representations useful for numerical purposes in appendix [J. Note
that the term proportional to 2Lg + Ho has disappeared upon taking the discontinuity
across the imaginary valence quark axis.*

Next, using the properties of Bessel functions, one sees that the first term of eq. ([.3)
reproduces the known form of the leading contribution to the microscopic spectral density

in the e-regime,
ReiEQ (i¢, {psea}) = Wﬁzr/nic(gv {Hseat), (4.6)

where pJH(C, {#1sea}) is given by [L3]

~mi v ’C’ detg
P, { tsen}) = (—1)2vF2Ns /241 ~ : (4.7)
QHff(Cz + M?) det A
Here the Ny x Ny matrix A and the (Ny + 2) x (Ny + 2) matrix B are defined by
Aij = 15l g1 () (4.8)
Bij =% Jq-2(0), By = ¢ g1 (Q),
Bij = (—pti—2) " Lyyj1(pi2) (i #1,2). (4.9)

The general formula for the spectral density can thus conveniently be written in a
representation suitable for small eigenvalues that go into the “bulk” region,

po) = = (120 (NS, (tlea}) + Re (5Z,(i0)] (4.10)

5. From the p-regime to the e-regime

In this section we explain how our formulae are consistent with known results in both e
and p regimes. We next consider the validity of our expressions in the intermediate region.

5.1 Checks in the p-regime and limit to the e-regime

We first check that the expression derived in the previous section reproduces known re-
sults in the conventional perturbative p-expansion. The exact zero-mode integral above
is expressed by complicated combinations of Bessel functions. But for large m;¥V, these
Bessel functions can be expanded in 1/m; XV (see, e.g., ref. R3] for details),

1 42— 1

+ + 0%, 5.1
fo + 11 8u2 #") 5-1)

ijlz?Q(:uva {bsea}) = 1 — Z

J

4This result may seem to contradict the fact that the condensate, conversely, should follow from a
spectral sum involving p(\) as in eq. (@) The problem is that the spectral sum is UV divergent. It is this
divergence that gives rise to an ambiguity such as indicated by the 2Lg + Ha-term.

,10,



which, after summing over topology, gives

. 2
SPQ (i, {fisea}) = 1 — Z o 2u> + 0>

1 1

=1- + +O(ph), 5.2
Zmﬁw 225, 1) T OV 52
where we have used

L
Zf 1/py

in the chiral limit. Substituting eq. (.9) into eq. (B.13), we reproduce the perturbative
p-regime result,

(v?) = (5.3)

<(ijU> =

(ZA (0, MZ;) — G(0, M2, M, ))
(16L6 Z M2+ 4(2Lg + HQ)M,,?U)] : (5.4)

As is known from the matching between € and p regimes, the zero-mode fluctuations which
give rise to the second and third terms in eq. (f.9) are absorbed in the momentum sum in
A and G so that we recover the usual propagators

1 eipz
2\ _ E
1 etrr
2 2N
Gz, M;;, Mj;) = & > : (5.6)

7 0+ 027 0) (5 )

of the ordinary p-expansion.

The above expression agrees with known results that can be found in, e.g., the work
of Osborn et al. [I9). They derived a formula for the partially quenched case with Ny
degenerate flavors of mass M2, in which case one can use

)= — [Alr, M2) + (M2,

G(xz, M2, M?
(m, N,

U VU

- Mgea)aMgvA(vagv)] : (57)

One can also check the e-regime results at fixed topology v are precisely reproduced
just by reducing the quark masses in the formula eq. (B.1g). One notes that in that limit,

N2
70— 1+ 1 ( ) \% 8 Zy(my) — 0. (5.8)

— 11 —



The spectral density of the Dirac operator can easily be compared to known results in
different limits as well. First of all, the Banks-Casher relation is trivially reproduced when
we take the limit V' — oo before m; — 0,

lim lim p,(A=0) = —, (5.9)

m;—0V —oo

Y
m

Amic

after having used pi¢(00, {isea}) = 1/7, Z9|v—oom;—0 — 1, and §Z,(0) = 0. In the same
limit above, but for finite A, one obtains

[1 + Red Z, (l)\) ‘V—>oo,mi—>0]

2 _
1+ Np—4)_= Al
Nf 3274

which is the result of Smilga and Stern [[[J]. If one keeps the sea quark masses m; = m

lim lim p,(\) =

m;—0V —oco

, (5.10)

3 3

finite (and degenerate), one gets

_ by .
lim py,(A) = — [Z§]|vooo + RedZ, (M) |V —oo]
V-0 T
) ) 2 Al
== [ + W <2Nf])\] arctan P 47|\l
Y2 m24+ )2 )IINPY ) 32N L (psub) Xm
~N2mn = —" —4mln — + gL su ,(5.11)
! r 'U’;lub F? Mgub P

where g, denotes the subtraction scale. This is consistent with the formula by Osborn
et al. [IZ). In the case of finite V and very small m; and ), the general result in the

e-regime [[[J,
pu(X) = ZP ALV, pisea), (5.12)
is easily recovered upon noting that to leading order we have Z0 = 1.

5.2 Intermediate regime

As seen in the above discussion, our formulae for the condensate and the spectral density
smoothly connect the results in the e-regime with those of the p-regime. But we also need to
know the precision in the intermediate region. The e-regime assumes M,,, L < 1 while the
p-regime counting requires M,, L > 1. Our re-ordered perturbative expansion has removed
this constraint. Instead, we make use of a non-trivial prescription for the fourth term in
eq. (B-5) where we take MT(U — 1) to be always small, specifically of O(p?®) or smaller.

One should note that non-zero mode’s contributions are free from infra-red divergences
by construction. This is also seen explicitly in the finite chiral limit of of the finite-volume
function g(M?). For the non-zero modes, there is no need to distinguish the e-regime
from the p-regime. The smaller the quark masses, the better convergence of the non-
zero mode expansion.

Therefore, the accuracy of our calculation needs to be assessed by considering the zero-
mode integrals. To show the general validity of the method, we need to confirm by explicit
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evaluation of the group integrals that the operator MT(U — 1) consistently can be taken
to be of O(p?) or smaller. This in any combination of matrix elements, power and for an
arbitrary choice of the mass matrix, including such as is needed for partial quenching.

However, for the calculation of the chiral condensate in this paper, we only need to
check in eq. (B that the U integral keeps the second term of NLO. Since (£7;) = 0;;(&3),
it is in fact enough to confirm that [MT(U — 1) + h.c.];; ~ O(p?) or

mi ({0 + UDw = 1) ~ 06, (5.13)

for any ¢, which can be done directly by means of the exact group integration eq. (B.3).
Without using the rather complicated exact expression, its asymptotic behavior is
known [RJ] for m; ¥V < 1 and m; ¥V > 1, and this leads to

1 < (miEV — 0)
m; | = (Ui + UiDU - 1) — xv , (5.14)
<2 —(Nf—i)% (mZZV—>oo)

with the other masses m;’s (j # i) fixed, where n; denotes the degeneracy of the mass m;
(Note that n; = 0 in the partially quenched case). Since this function is everywhere regular
for finite m; 2V, one expects that the two limiting cases above are smoothly connected and
the function thus always kept small, here of O(1/V) ~ O(p*).?

In figure [ll, we plot the function m;> <<Un + UiTi>U/2 - 1) for various cases in a (2+1)-
flavor theory. Every curve shows a monotonous function connecting the two limits, thus
confirming that the M (U —1)£? contribution to the condensate is always of order 1/V. We
provide an explicit analytical expression in an analogous U(1) toy model in appendix B.

6. A few examples

In this section, we present two explicit numerical examples. One is an Ny = 2 degenerate
two-flavor theory and the other is an Ny = 2 + 1 theory including a strange quark whose
mass is different from up and down quark masses. For the low-energy constants in both
cases, we take the following phenomenologically reasonable values: £/3 = 250MeV, F =
90 MeV, Li(psup = 0.77GeV) = 0.05 x 1072 and L§(psup = 0.77GeV) = 0.5 x 10~3 where
Usub denotes the subtraction scale.

6.1 degenerate Ny = 2

Let us first consider the two-flavor theory with degenerate up and down quark masses
my = mg = m. The factor Z, = Z9 + 6Z,(m,) is then explicitly given by

1 [ M2 M?2
79 =1- —|—C T 4 925, (M?/2
v F2[167r2 R 91 (Mz/2)

1 1
+{61 _ M72r<167'r2 In Vl/Q}Lgub + B2> } - 32LE(Msub)M£ ) (61)

®We note that M(U — 1) contributes not as O(p®) but even further suppressed, of O(p*). This is due
to the fact that we are here considering a one-point function.
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"partially quenched m=m, v=0 ——
A7 partially quenched m=m,, v=2
unquenchedmi =Myq,Vv=0

o I unquenched m= Mg, V=3 -

<M(U-1)+h.c.>;zV

0O 10 20 30 40 50 60 70 80
m 2V

Figure 1: The function m; XV ((Um + UiTi>U/2 - 1) is plotted in various cases in 2+1 flavor theory:
A. partially quenched theory (m; = m,) with m, ¢XV = 5 m;EV = 40 at v = 0 (my,q,s denotes
the quark mass of w,d, s flavors respectively.), B. The same as A but at v = 2, C. unquenched
theory with m; = m, 4 at v = 0 where m 3V = 40 is fixed. D. unquenched theory with m; = ms,
at v = 3 where m,, ¢XV = 5 is fixed. Every curve is kept at O(1) at any value of m;, which confirms
M(U — 1) always can be considered as NLO to the calculation of the chiral condensate.

and

1
(5Zv(mv) == _ﬁ

M? m M? m M?
(1) 2 0
oz (1) (1) + 5 P92

M? m M? 1 m B
o (4 2)) o (45) - o (2 + 2
+gl<2 + > gl<2> 2{91 ™ +\/V
1 v — v
22 (G M2V 241) g (M2 4.1 )
m 1 m 1 M2m
MQJ _ = <M2 U) In !
R (16%2 g2\ M e p2m

(2L (st + H (1aub)) M C’;] ,

(6.2)

where M2 = (m,, +mq)X/F? = 2m¥/F2.For the numerical implementation of ¢g; and go,
see appendix [J. Note that §Z,(m, = 0) = 0.
For the spectral density, we also need
1

— Mf 11 1+>\—2 —Aarctani
F? 1672 \ 2 m?2 m m

2 2
(2 1+2)) - () Lo (22) -

Red Z,(i\) = —
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A i\
—M2<16 S(InM2= V1/2+1) Regg< 2! >+62>

022 (g, (222) = L
m m 167

As discussed above, the Hy (and pg,;,) dependence has disappeared.

The non-perturbative expressions for the zero-mode integrals are given by [R]]

. 1
50 oy i) = — 553
° (n? — p3)?

aﬂ«vKV(iuU) L (1) L,(p) /l_llvfl(/‘)
_auv(MvKu+l(Mv)) poly1(po) ply1(p) L,(p)
Oy (2K y12(p10)) u31u+2(uv) (21 2(p)  plyra(p)
(1)

y =0, (W Ky 3 (1)) Ly 3(p) p Iu+3 1) 2l po(p) (6.4)

—1
det L(n) L’ 1
pdy1(p)

Amm(g /J) — (_1)21/+12('u2|§_| C2)2

CilJl/—l(O Ju(€) L,(p) 71[1/ l(ﬂ)
Ju(¢) ¢Ju41(C) —lﬂu+1(ﬂ) (1)

CIoy1(Q) CPJura(Q) pPluya(p) Mfu+1(ﬂ)

CJg2(Q) Caues(() =1 Lgs(p) —pPTy2(p)

dot [ B pT ()
:U'IV—H(:U') IV(,"L)
where p, = m,XV, p =mXV and { = \XV.

Substituting the explicit expressions above into eq. (B-16) and (J10), it is straightfor-
ward to compute numerically the chiral condensate and the spectral density of the Dirac

det

and

det

(6.5)

operator. Using the numerical values listed in the beginning of this section, we plot the
chiral condensate and the spectral density in figure [ for the case of m, = mgq = 10MeV,
L =T/2 =2fm, v = 0 and here taking just as an example H%(0.77GeV) = 0.1 x 1073.
One sees that the resulting thick line smoothly connects the one in the e-regime (solid)
with the one in the p-regime (dotted).® It is clear that the effect of one-loop corrections
to the spectral density of the Dirac operator in the p-expansion is relatively small when
Ny =2, in agreement with the prediction eq. (b.1() of Smilga and Stern [LI].

It is useful to see what happens when we vary some parameters. In the larger volume
(L =T/2 = 3fm) shown in figure [J the agreement between the three different expansions
becomes visibly better around M L ~2-3. The sea quark mass dependence is shown in

5Because we do not have p-regime predictions available at fixed topological charge v, we always compare
with p-regime expressions where topological sectors have been summed over. Of course, p-regime predictions
at fixed topology will differ slightly from these, but the difference becomes insignificant at large volumes.
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Nf = 2, m,;=10 MeV, L=2 fm

2 : . . .
15 t .
N
’c\? 1E e |
ko
\%
05t new formula (v=0) ==
p-expansion (8=0) -
0 | g-expansion (v=0) ——
0 1 2 3 4 5
M, L
N; =2, L=2fm, m;=10 MeV
2 - . . . . .
15 ]
N
< 1t
<
=
05 1 new formula (v=0) = ]
| p-expansion (6=0) -
0 | ~ g-expansion (v=0) ——

0 5 10 15 20 25 30
AV

Figure 2: The chiral condensate (top) and Dirac spectral density (bottom) for the case with
my, = mg = 10MeV, L = T/2 = 2fm. The result of this paper is given by the thick line which
smoothly connects the one in the e-regime (solid) with the on of p-regime (dotted). Parameters
have been chosen as ©/3 = 250 MeV, F = 90 MeV, L§(ptgun, = 0.77GeV) = 0.05 x 1073, L5 (ptsun, =
0.77GeV) = 0.5 x 10~3 and H} (tsup = 0.77GeV) = 0.1 x 1073
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<q,q>/Z

N; =2, m;=10 MeV, L=3fm

2
15+
Ll
05 new formula (v=0) =——— 1
p-expansion (6=0) -
0 ‘ e-expansion (v=0) ——

M, L

vV

mp,(A) X

N; =2, L=3fm, m;=10 MeV

new formula (v=0) =——
p-expansion (6=0) -
_ e-expansion (v=0) ——

5 10 15 20 25 30
AZV

Figure 3: The same plots as in figure ], the condensate (left) and the spectral density (right)

but with the larger volume size L = T/2 = 3fm. The convergence of three expansions around
My, L ~ 2-3 or AXV ~ 10 becomes better.

<q,4>/%

N; =2, L=2fm, v=0

VVL

N; =2, L=2fm,v=0

2
15+
W
S 1
<
E
05 =2 MeV
r?ﬁ’: 0] VY —
0 : m, = 30 MeV ‘
0 5 10 15 20 25 30

AZV

Figure 4: The condensate (left) and the spectral density (right) at fixed topology v = 0 for
different sea quark masses at 2MeV (solid), 10 MeV (dotted), 30 MeV (small dotted) are given. We

again set L = T'/2 = 2fm. The black filled circle in the left panel shows the physical points where
My = My = Myg.

<g,q,>/Z

15

05

N; = 2, L=2 fm, m;=10 MeV

N¢ =2, L=2fm, m;=2 MeV

2
15}
N
= 1
=
=4
05 |
0
0

Figure 5: The topology v dependence of the condensate (left) and the spectral density (right) at
a fixed value of m, = 10MeV and L = T/2 = 2fm and H5(0.77GeV) = 0.1 x 10~3. The topology

dependence becomes negligible around M, L = 3-4.
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N; = 2, L=2fm, 6=0 Ny =2, L=2fm, 6=0

2 ‘ 2
: w
AN .
| g
Vv

o H,=0.1E-03 — — 1 05 |
H2=0.5E-03 -
0 . O m;=10MeV ———
0 1 2 3 4 5 6 0 5 T a0 . a0
M]‘[L )\ZV

Figure 6: The (full theory) condensate (left) where m, = m,, = mg and the spectral density (right)
at fixed m,, = mq = 10 MeV, are given at § = 0. Due to the ambiguity of Hj, the condensate is not
a well-defined quantity when M, or M,, # 0, while the spectral density is free from this ambiguity.

figure [] where we show the plots for different sea quark masses at 2MeV (solid), 10 MeV
(dotted), and 30 MeV (small dotted). The black filled circle in the left part shows the
physical points where m, = m, = mg. In figure f] the v-dependence is presented at a
fixed value of m, = 10MeV and L = T'/2 = 2fm. The topology dependence disappears
around M,,L = 3-4. The condensate of the physical theory with m, = m, = mg is
plotted on the left part of figure [ after summing of topology (See appendix [4] for the
details). Of course, the condensate in the massive case is inherently ambiguous due to
the presence of the coupling Hs. On the other hand, the spectral density is free from this
ambiguity. On the right part of figure |§j we plot the density after summing over topology
at fixed m, = mg = 10MeV. As has been observed before [P4], the striking oscillations
that are seen at sectors of fixed topological charge become smeared out upon summing over
topology. In the massless limit the oscillations will reappear and the density approaches
that of the v = 0 sector.

6.2 Ny=2+1

Next, we consider the Ny = 2 + 1 theory where the strange quark mass is different from
the up and down quark masses. Then G(z, M?, M?) becomes much more complicated, and
we refer to the explicit expressions given in egs. (D.1§) and (D.16).

One obtains

1| M2, M2 M2 M2
ZO -1 - ud Sud 25 M2 9 EE | Ss - M2 9
v F2 | 1672 n 2M§ub + 201 ( ud/ ) + 3972 n 2/Lgub + a1 ( ss/ )

1 2(]\43d — M828)2 Mgd + 2M525 1 Mfgd + 2Ms25 +3g Mgd + 2Ms23
LD n Mg+ 2Mss
31 (M2, +2M2)2 \ 3 x 1672 32, 3

2(M2d_M2)2 ,81 3M2dM2 1 )
1 U SS _ _ U SS _ 1 V /2 2 _
i < " (M'sd + 2M525)2 \/‘7 Mid + 2MS25 1672 n Hsub ﬂQ

_16LE(Nsub)(2Mf3d + Mgs) 3

(6.6)
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and

1 Mgd My My M2d My M2d
— 1+—|In(1 1 u
F2 | 1672 + My ntt My + 1672 my, . 202,

(- 2)) 0 (5 2 () 002

MSQS my 1\42 M?2
1 1 v _ -3
+327r Mg . 2Msub T 2 + Mg Z 2
1

- (Mgd — M525>2 <M3d + 2Ms25 1 M2d + 2M825 + a5 <M3d + 2M525)>

3 {_(3M3v MZ M2\ 3x16m 3,

2(M?2, — M2)? M2 . M2
1 U ss v 1n vv M2
+ ( + (3M2 H + gl( vv)

0Zy(my) = —

— M2, —2M2%)? ) \167% "~ p2
3(M2, — M2d)(M2 M2) [ 1 M?
U SS 1 VU 1 M
3MZ, — M2, — 22, 167r2(nusub+ )+ 0291 (Mu)

Ay = MR (M + 203 | M+ M3, (M3 2V,
(M2, +2M2)2 \ 3 x 1672 3 3
(Mzd Ms23) > < /81 ) 3M2dM323 < 1 1/2 > }
M ar o) + “ — InvVY
< (Mgd + 2Ms25) \/V M'gd —+ 2M525 16772 :usub ﬁ2

: (6.7)

—4(2L§ (/-Lsub) + H§ (Usub))Mgv

where its real part for the imaginary valence mass is taken as in the same way shown in

the previous subsection. Here M2, = (m, +mq)X/F?, M% = 2m S/ F?, M2, = 2m,%/F2.

The non-perturbative zero-mode integrals are given by

- PQ 1

By i s}) = (12— 22 (2 - )

O, Ko (110 IV(NU) I, (p) NEIIV 1(pu)  Tu(ps)
aﬂv(ﬂv Kyi1(p)) Mv V+1(Mv) :“u L1 (pru) L (ptu) Ns Iyy1(ps)
det O, (Nu Kyto(pw))  pglvta(po) ,Uu Lo (pu)  pudys1(p) MS I o(ps)

aﬂv(lu’u Kyi3(p0)) Nv ,,+3(,u1,) Hu Lys(pu) 1 zx+2(,“u) Ms Iy 3(ps)
O, (,Uv Kytra(po)) p V+4(Mv) Nu Lya(p) p u+3(Mu) ,Us Iy a(ps)

X .(6.8)
L) pg L1 (pu)  Lo(ps)

det | pudyi1(ptu) L, () prsTyi1(pes)
piolura(pu) polvso(pu) p2lo4s(ps)

where 1, = my g2V and ps = myXV and one can take the imaginary value of p, = i¢ to
obtain p™¢(¢, {jty, pis}) in the same way as the 2-flavor case.

Substituting again the numerical values in the beginning of this section, we plot the
chiral condensate and the spectral density in figure [] for the case with m,, = mq = 10MeV,

= 110MeV, L = T/2 = 2fm, v = 0 and H}(0.77GeV) = 0.1 x 1073. Due to the
large contribution from the chiral logarithm of strange quarks, both of the (normalized)
condensate and spectral density shows a quite larger deviation from 1, which is the universal
chiral limit when V' — oo with any number of flavors.
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Figure 7: The condensate (top) and the Dirac spectral density (bottom) with Ny = 2+1 theory are
given (solid curve). For the comparison, Ny = 2 plot is also presented (dotted). As the valence mass
or the eigenvalue increases, both of them show larger deviation from 1 than the case with Ny = 2.
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7. Conclusions

We have computed the quark condensate and the spectral density of the Dirac operator by
means of the chiral Lagrangian in a finite volume. We have used a new perturbative method
which keeps all the terms which appear in the conventional expansion in the p-regime but
which treats zero-mode integral non-perturbatively in the same manner as in the e-regime.
The resulting perturbative series connects smoothly previous results in the p-regime with
those of the e-regime. Having analytical formulas available in the intermediate region may
be of obvious value for lattice QCD simulations.

It would be interesting to investigate the present proposal for finite-volume chiral
perturbation theory in greater detail. One should obviously consider using such a method
to compute other finite-volume observables in chiral perturbation theory, such as two-point
correlation functions.
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A. Non-perturbative zero-mode integrals

In this appendix, we briefly review how to perform the non-perturbative zero-mode in-
tegrals. We are interested in the most general partially quenched calculations for both
practical purposes of comparisons to lattice data and for computing spectral correlation
functions of the Dirac operator. Of course, results for the N-theory without separate
valence quarks are trivially included in this.

For the evaluation of the zero-mode integrals it is convenient to use the graded formal-
ism where partial quenching is achieved by adding additional bosonic and fermionic species.
The zero-mode integral corresponding to the graded version of eq. (B.4) with n bosons and
m fermions is known in closed analytical form for an arbitrary mass matrix 1],

det[ﬂj_ljl/—f—'—l(,ui)]i i=1,..n+m
Zy m({uit) = : J S : (A.1)
" H?>z‘:1(,“]2' - 1%2) H?;;Znﬂ(/i? - /%2)
where p; = m;XV. Here J’s are defined as Jy+j—1 (i) = (—1) 'Ky yj_1 (i) fori =1,...n
and J,4j—1(pi) = Lyyj—1(p;) for i = n+1,...n + m, where I, and K, are the modified

Bessel functions. In this paper, we need the case with (n,m) = (1, Ny + 1):

1
Zly,lJer (o] v, {H1sea}) = N, N
[0 (F — 0 TL e (1F — 13)
KV(Mb) IV(MU) IV(MI) IV(N2)
« det — By 1 (pn) prolyr1(po) palyra(pn) polypr(p2) - (A2)

Ko (pp) 1o lyyo(po) 13T (pn) p3lura(p2) -
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Here pp = mpXV, py = myXV and p; = m;2V, where my, m, and m; denote the masses
of the valence bosons, the valence quarks, and the physical sea quarks respectively. In the
arguments, the set of sea flavors are denoted by {jisea} = {m1 2V, maXV, .. .}.

When some of the quark masses are degenerate, one simply uses I’Hopital’s rule. For
example, for uy = po one has

1
ZilerN (Mb|,uv {Msea})’ = =
, f ’ H1=p2 N, N
2 Hz:fl(uf — p3) Hj;k,jzg(ﬂjz - Mz)
Ky (1) L)  Lm)  py'lea(m) -
« det — iK1 () prolyy1(po) pilypr(pn)  L(p) - (A3)

pEK 2 (o) B2 Tugo (o) p3lsa(pn) palysa(pn)

Partially quenched observables are computed by differentiating eq. ([A.2) with respect
to suitable sources and subsequently taking the limit p;, — u,. For example, the zero-mode

integral of eq. (B.J) is

1 . . 0 y
i(va + UJJU = ESQ(M; {Hsea}) = — m}lg}w 37#17 In Zl,lJer (o], { psea })- (A4)

To obtain the result in a 8 = 0 (or even 6 # 0) QCD vacuum, one could numerically
sum over topology with the weight given by the partition function above;

“ Zl, ei@z/iEQ (Nva {,usea})z(l)/]\f
S S por {pseal) = : 7, (A.5)
0 v sea Zy ez@ug(z)/’Nf

or use the analytic expressions known for the Ny = 2,3 cases [2J].

B. Doing the zero-mode integrals first: a U(1) toy model

The perturbative scheme presented in this paper relies on the operator

ol

MU - 1)E + (Ut = 1M,

being small, and more precisely of O(p®) or smaller, for any value of the mass m as this mass
is taken to zero at finite volume. The difficulty in giving a precise counting to this term lies
of course in it being a combination of mass m, field {(z) (both of which can be assigned
clear countings) and the zero mode field U. It is therefore interesting that an alternative
scheme exists, which gives identical results, but which assigns a definite magnitude to this
term. This is achieved by first doing the zero mode integral exactly, and only subsequently
performing the perturbative evaluations of the non-zero mode integrals.” In the general
SU(N¢ 4+ N) case this becomes rather cumbersome in practice, but it has the advantage
that all terms are explicitly ordered according to the expansion parameter 1/L. Here we

"We are grateful to M. Liischer for suggesting this alternative method.
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illustrate it for the case of a simple U(1) toy model at the topological sector with v = 0,
where the zero-mode integrals are trivially performed.

We thus consider the U(1) “chiral Lagrangian”®
L = ZaﬂU(a:)O#U (x) — §[m e”U(z)+he]+---, (B.1)

where U(z) € U(1). We separate into zero modes and non-zero modes,

Ur) = UeiV2E@)/F _ IVZ0/F iVE()/F (B.2)

and do the analogue of fixing topology to v = 0 by integrating over . Expanding pertur-
batively in the non-zero modes £(z), we get

£ = —Smeos(v26o/F) (1~ €@)*/F) + 5(0uE@)* + -+ (B.3)

We now perform the zero-mode integration over &y exactly with respect to the term shown
to get the partition function

z- / (e ()] To <mzv <1 - V;ﬂ

up to overall irrelevant factors.

/d4$f(l‘)2>> e_%fd%(auf)? +oe (B'4)

Expanding the Bessel function using Ij(z) = I1(z), and exponentiating the expanded
term leads to the effective partition function

Z = Iy(mxV) / (e (z)]e~ ] Polb@O  dmde@?) 4 .. (B.5)
where an effective volume-dependent pion mass is defined by

m

9 2mX¥ L;(mXV)

= F2 Ly(mXV)’ (B-6)

we note that, as expected, this effective pion mass approaches the standard tree-level pion
mass expression in the limit where mXV — oc:

m2 — 2mY/F? =m? as mXV — oo, (B.7)

while in the opposite limit we find

F?v
4

2m¥ 1
2 m meV:mfr

77 5 as mXV — 0, (B.8)

m

Clearly, in the usual p-regime expansion this provides us with the standard massive
propagator term, while in the chiral limit taken at finite volume V', there is no infrared

80f course, in the real N t = 1 theory chiral symmetry is broken explicitly by the anomaly, and this
Lagrangian is therefore not relevant for describing the the Ny = 1 theory. We use it only as a simple toy
model to illustrate in a very transparent way the effect of first integrating over the zero mode.

— 23 —



problem due to the momentum sums being taken over non-zero modes only. When m>V
becomes of order unity we recover the usual e-regime expressions.

But here we are interested in seeing how our expansion looks if we add and subtract
the standard mass term, as is done in the main part of this paper. We therefore do a
trivial rewriting,

£ = S(0u8) + 5ine(e)

= SO + GmAe()? + SomEE(@), (B.9)

—

where
2 _m2, (B.10)

2 __ ~
om; = m

Can we treat %(5m3r§ (7)? as a perturbation? Near the usual p-regime where mX-V — oo
we can use the asymptotic expansion of Bessel functions,

et an? — 1
I ~ 1-— B.11
o)~ e (1= ), (B.11)
to see that .
2 _

This is of O(p*) as expected in this U(1) theory. When instead mXV is of order unity,
we get
dm2 ~ —m? (B.13)

T

which is also of O(p*). The point here is that we know the full analytical expression

,  2mY [Il(mEV) - 1] | (B.14)

i F? I()(mEV)

for all values of m and V, and it is easy to check that this function is of O(p?) everywhere.
The term dm2¢(x)? is thus explicitly found to be of NLO and we can treat it perturbatively.

Of course, as already discussed in section 5, away from the conventional p-regime
expansion, separating out dm2£(x)? and treating it perturbatively amounts to a re-ordering

and partial resummation of terms in this expansion. This is because the propagator is taken

2
g

to be the conventional massive one even when m?2 is no longer of O(p?), but smaller. The
difference between a calculation based on this propagator and one where the propagator
has been expanded in m2 up to the needed order is always of yet higher order, and thus

only illustrates the inherent uncertainty in any fixed-order perturbative expansion.

C. Numerical evaluation of A(0, M?) and 95;2A (0, M?)
The definition of g1 (M?) in eq. (B.§) and ga(M?) = —0y2g1(M?), requires an infinite sum

over the 4-vector a, = n,L, where L; = L (i =1,2,3) and Ly = T. In this appendix, we
will suggest how to evaluate numerically gi(M?) and go(M?).
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For ML > 1, the expansion [ff,

g . JiP
m(M) = Z/ q+M2_M2V:§47T2|a K1(VM2|a]) - MQV (C.1)

in terms of modified Bessel functions is useful, while for M L < 1, the polynomial expression

o0

2
In(M? 1/2
1672 v

(M%) = - (=1 (n=2)/2, (C.2)

n:l

using the shape coefficients 3,,’s [H] is appropriate. Here

_(—1\" 2 _ g —Indmr +v-3/2
Bn = <47I‘> <an+n(n_2)> (n #2), P2 = 1672 . (C3)
1 2 \?3 T2
n—3 —
[afer(s(:2) s () -
3
Vl/2 Vl/2
—n—1
B T R

S(x) = Y exp(—rk’z), (C.5)

k=—o0

Qo

where v ~ 0.577215665 is Euler’s constant and the summation in S(z) is typically well
approximated by a truncation to |k| < 20.

Since the modified Bessel function K, (x) is well-defined for the complex value of z,
the both expressions above can be easily extended for the complex arguments using (m +
Vm2)2) g —in = (m? 4 A2V Aeiarctan(A/m)/2 and the prescription given in eq. ([£4).

As shown in figure , ignoring the contribution from |nu| > 20 in the summation
in eq. (C.I), and n > 5 in the summation in eq. (C.J), both formulas agree in a rather
long interval around ML = 1. We also find an excellent agreement between these two
expansions for both Reg;(M?) and Rego(M?) at imaginary values of M?, using the same
truncation. It is in any case trivial to increase the accuracy by including more terms.

To summarize, we have used

7 (M2) =65 B0 Ky (VP al) (IM|L>1)
g1(M?) = , (C.6)
F5(M?) = =2 1n(MPV2) -0 MDY (=2/2 (|M|L<1)

1672 n=1 (n 1)'

and similarly for their derivatives go. We plot Regi (M3 + iM?) and Rega(MgG + iM?) for
various choices of fixed My in figure P
Specifying the renormalization scale pg,, = 0.77 GeV of the low energy constants L;’s,
and the above prescription for g; and go,
2 M2
1 M? C.7
167'('2 n——+ gl( ) ( )

sub

A0, M?) =

— 25 —



002 | s -0.005 |
8 004 001 |
= <
<< 006 S -0015 |
S >
S -0.08 | 002

01 | -0.025 | |

-0.12 : : : : : 003 +—b . =2

0 05 1 15 2 25 3 0 05 1 15 2 25 3
ML ML

Figure 8: The plot of g (M?)V'/2 (left part) and go(M?) (right part) for T' = 2L. The truncated
sums in eq. (C.4) for g7 2(M?) (solid line) and g§ ,(M?) (dotted) agree well around ML ~ 1. Note
that g, (M?)V/2 converges to —3; = —0.08360 in the chiral limit. Note also that |g; (M?)] attains
its maximum at M = 0.
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Figure 9: Plot of Reg; (Mg +iM?)V1/2 (left part) and Rega (Mg +iM?) (right part) for T = 2L.
for three fixed values of MyL = 0 (solid), 0.05 (dotted) and 0.1 (small dotted).

Oy A0, M2) = ——_ (m M2
16 'usub

can then be evaluated numerically. We note that in the small mass region the logarith-

mic contribution In M? is canceled by a similar one in g; and that both A(0, M?) and

a2 A(0, M?) have no IR divergences in the limit M? — 0.

+ 1) — Go(M?), (C.8)

D. Useful properties of G(x, M2, M?)

We also need the 1-loop correction from off-diagonals part of ¢, G(0, M?, M?). Tt can,

in principle, be expressed in terms of A(0, M?). In this appendix, we discuss the UV

divergence of G(0, M?, M?) and rewrite it using A(0, M?) and 9,,2A(0, M?). Explicit

examples for the degenerate case and non-degenerate Ny = 2+1 flavor theory will be given.
First let us consider the UV-divergent part of A(0, M?),

7 1
2
A0, M7) = VZW e

= —Z ( . > +O(MY). (D.1)

p#0
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Here the first term is quadratically divergent, the second term produces a logarithmic
divergence, and the remaining O(M*) terms are UV finite. As is well-known. the quadratic
divergence is absent when we employ dimensional regularization.

By expanding in the mass, the UV-divergent part of G(0, M?, M?) can be written

G(0,M?, M?) = % !
p#0 (p? 4 M?)? <Z 2+M2>
1 1 oM? 1 L M?
TRy \E T sz:f ow')
gl
:EA(OMZ —fZAOMff)+O( 4
9 1 i c1
= NfM N2ZM” ozt (D.2)

where the logarithmic divergence of the last line is canceled by a renormalization of L;’s
as seen in section fJ.

Although eq. (D.9) shows that G/(0, M?, M?) inherits the UV properties of A(0, M?),
the expansion is not useful when we want to see the finite part of G(0, M?, M?), since
the omitted O(M*) terms are the at the same order as the former two terms. In order to
obtain a convenient rewriting, let us define a function

k

(1) = 1275”1\42 (D.3)

where k denotes the number of different quark masses and n; > 1 is the degeneracy of the
i-th mass satisfying Zf n; = Ny. Here we have ordered the masses M 2 < M? £11 441 for any
i. Noting f(¢) is a monotonically decreasing function,

k
%f(t) = —]\1[]6 Z (t—nM2)2 <0, (D.4)
and
lim F(ME +€) = oo, lim F(MZy 141 — €) = —o0, (D.5)
f(t) #0, for t< Mz, Mp <t, (D.6)

one can show that an equation f(t) = 0 has k — 1 different solutions (we denote them by
t = M2), each of them satisfying

M2 < M < M2y, (1<i<k-1). (D.7)

We illustrate this in the plot figure [L0.
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Figure 10: Example of f(¢) in eq. (D.3), where we have Ny = 6, k = 5, n; = 1(i # 2), ny = 2, and

{MZ2} = {0.1,0.3,0.5,0.75,0.9}. One can see f(t) = 0 has k — 1 = 4 solutions between the poles
(plotted by the crosses).

Hence,

o I+ MR
f(=p) = T2 (D.8)

and G(0, M2, M?) can thus alternatively be expressed as

k¢ 2 2

. 1 (p? + M2,
G(0,M?, M?) = > L - is) —
NeVees (02 + M2)2 [T (0° + M§)

k—1
1 _ _ _ _
= — | D AA(0, M) + BA(0, M?) + C 92 A(0, M?) |, (D.9)
Ny | <
where the coefficients A;’s, B and C are given by the residue of

_ [T (—t + M)
PO S T o) -

(or —(—t + M?) fa(t) for C), at each pole. Note that C' = 0 when M? is equal to any of
the physical masses.

Noting that both A(0, M?) and 9;,2A(0, M?) are infra-red finite in the limit M? — 0,

A0, M?)|pp2p = —\%, (D.11)
_ 1 c
2B, M) p2g = — 5 In V2 _ g, + ﬁ (D.12)
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the chiral limit of G(0, M2, M?) is given by

~ 1

k—1
G(0,0,0) = 5 b
f

> Ailue—oA0, M7) — B’M2:OW

VY2 4 g, — 12#)] , (D.13)

1
1672

Ol <

where UV divergence c; is absorbed into the renormalization of Lg.
Here we give some useful examples. For the fully degenerate case, i.e., equal masses
M2 = M2, for all i, the above expression for G is greatly simplified,
1

(0, M2, M?) =
G(07 ) ) Nf

[A(0, M?) + (M? — MZ2,,)062A(0, M?)] (D.14)

sea

in agreement with the result presented in ref. [[J].
For an Ny = 2+ 1 flavor theory, the equation f(¢) = 0 is easily solved and one obtains

- L[5 (o M2, +2M2 < <
G(0,M? M?) = 3 [AA <0, ud;) + BA(0, M?) + C 9y2A(0, M?)]
(D.15)
where M2, = 2m,XS/F? = 2m%/F?, M2 = 2m 3 /F? and the coefficients are given by

2(Myy — M)? 2(Myy — M,)*

(3M2 — M2, — 2MZ)2’ T B MZ, _2ME )
o 32— M2)(M? — M) b
= 512 5 (D.16)
3M2 — M2, — 2M2,
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Erratum
Corrections in the equations

First we would like to correct some equations. Eq. (4.7) should be replaced by

Amzc — ’C‘ det[;’
sea = . E.1
) = | o (E)
In the same way, eq. (b.5) should be replaced by
A"’nlc C
61 = TGy
CilJll—l(C) Ju(¢) L,(p) 71]1/ 1(p)
det JV(C) CJu+1(C) _MIIJ—H(N) L(p )
CJV-H(O C Ju+2( ) N21V+2(N) NIV+1(N)
C2J1/+2( ) C Ju+3( ) _M3L/+3(:U’) —HK IV+2(IJ“) (EQ)

O D) Ry T PN ()
dt(/ﬂuﬂ(u) L (p) )

Note that the difference in the above equations from the original ones is only in their sign.
There is another typo in eq. (p.§)which should be replaced by

R 1
B g ) = = (12 — 12)2(p2 — )
anK (Nv) I (Mv) I (/‘u) 1IV 1(Nu) I (NS)
8ﬂv(NvKu+1(:U’v)) ,uvIl/-‘rl(:U’v) /~Lu V+1(HU) I (Mu) Ns V+1(NS)
det [ 9y, (Lo Ky y2(po)) ity (i) :uu Lo (p) pudy1 (pi) Ms Lyy2(ps)
~ O, (W K3 (110)) uv Ly (o) uu I SREY(TI) R0 OREY(TH) Ms Lys(s)
auv (Nv Kyva(pw)) p Z/+4(Uv) Nu Lpa(pn) p 1/+3(Nu) Ms Lra(ps)

I (b)) M;lIV*I(MU) I, (ps)
det | prudy1(ptu) 1, (p) fs Tyt (s)
to Lo (i) pudur () 3 Toya(ps)

Additional comment on eq. (3.16)

In Eq. (3.16), we have shown that in the function 3P Q the valence argument p), = Z,m,XV
can be replaced by ZYm,XV producing an additional term §Z,(m,). In the exactly same
technique, one can replace the sea quark argument u;, = Z;m; XV by ZiomiEV. In this sea
quark sector, no additional term appears. The difference between Z; and ZZ-0 in the above
arguments is higher order and irrelevant to the analytic NLO formula but it would be more
convenient to use the latter in the numerical studies since Z? has no Hs dependence.
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